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Quality and Quality Management Definitions and Implications

? ISO 9000 is a family of standards related to quality management

systems and designed to help organisations ensure that they meet

the needs of customers and other stakeholders.

? Up to the end of December 2009, at least 1’064’785 ISO 9001 (2000

and 2008) certificates had been issued in 178 countries and

economies. (ISO Survey 2009)

? In Italy, 13’066 certificates had been issued. Italy is the European

leader and among the first in the world for number of ISO 9001

certificates. (ISO Survey 2009)
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Quality and Quality Management Definitions and Implications

? It can be defined:

quality: the degree to which a set of inherent characteristics fulfils

requirement;

management: coordinated activities to direct and control;

quality management system: to direct and control an organization

with regard to quality.

? Monitoring and Measurement of Product: The organization shall

monitor and measure the characteristics of the product to verify

that product requirements have been met.

? ISO/TR 22514-4:2007 describes process capability and

performance measures that are commonly used. (Statistical

methods in process management - Capability and performance - Part

4: Process capability estimates and performance measures)

Process Capability Analysis 5 / 68

Quality and Quality Management Definitions and Implications

? Process capability: ability of the process to realize a characteristic

that will fullfil the requirements for that characteristic. (ISO 25517-4)

? Specification: an explicit set of requirements to be satisfied by a

material, product or service. Specifications are mandatory if adopted

by a business contract. Specifications must be respected to avoid

sanctions.
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Process Capability Analysis

? The capability analysis is carried out in the following steps:

1

2

3

4

5

? For the capability analysis to be performed the process needs to be

under statistical control.

? Specification limits can be: the Upper Specification Limit (USL), the Lower

Specification Limit (LSL) and eventually a target value. Specification limits

are usually provided from outside (production requirements, market

requirements). Specifications can either be two-sided (when USL and LSL

are both specified) or one-sided (either USL or LSL is specified).
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select the process to be analysed and collection of data;
identify specific limits according to which capability analysis will be 
evaluated;

verify the process is under statistical control;
analyse data distribution;
estimate capability indices.



Process Capability Analysis

? To sum up, a process is capable when:

? it is under statistical control;

? it has a low variability rate compared to the range of specified limits;

? process distribution is possibly centered on specification limits

(centering).

? If a process respects specifications and is under statistical control it

can be foreseen that specifications will not change in the future. If a

process respects specifications but is not under statistical control,

specification could change in the future.

? Process variability indicates the spread within which 99.73% of the

process distribution is contained. A normal distribution has a 6σ

width range centered on the mean (µ ± 3σ).
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Process Capability Analysis

15 16 17 18 19 20 21 22 23 24 25

LSL USL

x − 3σ̂ x + 3σ̂

5 8 11 14 17 20 23 26 29 32 35

LSL USL

x − 3σ̂ x + 3σ̂

The two distributions have same mean and specification limits. However,

dispersion in the distribution on the right is higher. Therefore, the process

capability of the distribution on the right is lower than the process capability of

the distribution on the left.
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Process Capability Analysis

5 8 11 14 17 20 23 26 29 32 35

LSL USL

x − 3σ̂ x + 3σ̂

5 8 11 14 17 20 23 26 29 32 35

LSL USL

x − 3σ̂ x + 3σ̂

The two distributions have the same characteristics as far as shape, position and

dispersion are concerned. The limit spread is the same. The process on the right

is not centered with respect to its specification limits. Therefore process

capability on the right will be lower.
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Process Capability Analysis
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Specifications

The process is both under statistical

control and capable.

This process will produce conforming

products as long as it remains in

statistical control.
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Process Capability Analysis
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Specifications

The process is under statistical

control but it is not capable.

If the specifications are realistic, an

effort must be immediately made to

improve the process (i.e. reduce

variation) to the point where it is

capable of producing consistently

within specifications.
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Process Capability Analysis

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

Process Spread

LSL USL

Specifications

The process is out of control but it is

capable.

The process must be monitored: it

cannot be expected it will respect

specifics in the future.
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Specifications

The process is both out of control

and it is not capable.

The process must be adjusted to be

under control, then the capability

analysis must be performed again.
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Process Capability Analysis for Normal Distributions
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Process Capability Analysis for Normal Distributions CP Index

? The CP index is the most widely used capacity index.

? It can be calculated only when USL and LSL are both specified.

? Its theoretical value is:

CP =
USL− LSL

6σ

if data is normally distributed.

? CP can be seen as the ratio between the “acceptable” variability

spread and the process variability spread.

? In practical terms, “real” σ values are never known and need to be

estimated according to one of the following estimation procedures.
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Process Capability Analysis for Normal Distributions PPM Index

? Another capacity index is Parts per Million (PPM). This index

indicates the ratio between the number of pieces exceeding the

specification limits and a million produced units.

? For example, the following CP values produce the PPM shown below:

? CP = 1 → PPM = 2700;

? CP = 1.33 → PPM = 64;

? CP = 1.5 → PPM = 7.

? PPM can be estimated based on empirical data (i.e. the number of

exceeding elements over one million) or with the cumulative

distribution function of the theoretical distribution.
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Process Capability Analysis for Normal Distributions CP and PPM interpretation

Process Spread

LSL USL

Specifications

Case 1: CP > 1.33

A fairly capable process

This process should produce less than 64

non-conforming PPM.

This process will produce conforming

products as long as it remains in statistical

control. The process owner can claim that

the customer should experience least

difficulty and greater reliability with this

product. This should translate into higher

profits.

This process is contained within four

standard deviations of the process

specifications.
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Process Capability Analysis for Normal Distributions CP and PPM interpretation

Process Spread

LSL USL

Specifications

Case 2: 1 < CP < 1.33

A barely capable process

This process will produce greater than 64

PPM but less than 2700 non-conforming

PPM.

This process has a spread just about equal

to specification width. It should be noted

that if the process mean moves to the left

or the right, a significant portion of product

will start falling outside one of the

specification limits. This process must be

closely monitored.

This process is contained within three to

four standard deviations of the process

specifications.
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Process Capability Analysis for Normal Distributions CP and PPM interpretation

Process Spread

LSL USL

Specifications

Case 3: CP < 1

A not capable process

This process will produce more than 2700

non-conforming PPM.

It is impossible for the current process to

meet specifications even when it is in

statistical control. If the specifications are

realistic, an effort must be immediately

made to improve the process (i.e. reduce

variation) to the point where it is capable of

producing consistently within specifications.
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Process Capability Analysis for Normal Distributions CP and PPM interpretation

Process Spread

LSL USL

TARGET

Specifications

Case 4: CP < 1

A not capable process

This process will also produce more than

2700 non-conforming PPM.

The variability and specification width is

assumed to be the same as in case 3, but

the process average is off-center. In such

cases, adjustment is required to move the

process mean back to target. If no action is

taken, a substantial portion of the output

will fall outside the specification limit even

though the process might be in statistical

control.
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Process Capability Analysis for Normal Distributions CP and PPM interpretation

The table presents some recommended guidelines for minimum values of

CP and PPM (source: AIAG ):

One-Sided Two-Sided

Specifications Specifications

CP PPM CP PPM

Existing processes 1.25 88.42 1.33 66.07

New processes 1.45 6.81 1.50 6.80

Critical existing process 1.45 6.81 1.50 6.80

Critical new process 1.60 0.79 1.67 0.54
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Process Capability Analysis for Normal Distributions CP and PPM interpretation

The Figure below shows control charts for a process.
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Process Capability Analysis for Normal Distributions CP and PPM interpretation

The capability analysis performed on firsts twenty batches returns a CP

greater than 1.33.

c(74.03, 73.995, 73.988, 74.002, 73.992, 74.009, 73.995, 73.985, 74.008, 73.998, 73.994, 74.004, 73.983, 74.006, 74.012, 74, 73.994, 74.006, 73.984, 74)
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) Observed

ppm = 0
ppm = 0

ppm = 0
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Process Capability Analysis for Normal Distributions CP and PPM interpretation

The capability analysis performed on lasts twenty batches, where the

process goes out-of-control, returns a CP less than 1.33.

c(73.988, 74.004, 74.01, 74.015, 73.982, 74.012, 73.995, 73.987, 74.008, 74.003, 73.994, 74.008, 74.001, 74.015, 74.03, 74.001, 74.035, 74.035, 74.017, 74.028)
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Process Capability Analysis for Normal Distributions CPK Index

? The CP alone does not provide thorough information about the

correspondence of the process to the production specifications. The

CP index is exclusively based on the ratio between the width of the

tolerance spread and the width of the variability spread. It is not

based on process centering, i.e. it does not take into consideration

the central tendency of the process with regards to specification

limits. In theory, processes with very good CP values can be obtained

but they would be positioned beyond specification limits.

? The CPK index is used to take into consideration the process

centering. It is defined as:

CPK = min(CPL, CPU)
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Process Capability Analysis for Normal Distributions CPK Index

? CPL and CPU estimate the coherence of the process with regards to the

Lower Specification Limit (CPL) and the Upper Specification Limit (CPU)

respectively. In the event of a normal distribution formulas are as follows:

CPL =
µ− LSL

3σ
CPU =

USL− µ
3σ

? CP and CPK indices are the same if the process is centered, i.e. if:

µ =
USL− LSL

2

? CP index is defined only if USL and LSL are simultaneously defined. CPK,

being the minimum between CPL and CPU, is always defined.

? CP index calculates the tolerance with respect to two-sided

specifications. CPL, CPU and CPK indices estimate the tolerance of

one-sided specifications.
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Process Capability Analysis for Normal Distributions CPK Index

3σ

mu

USL

USL − mu

3σ

mu

LSL

mu − LSL
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Process Capability Analysis for Normal Distributions CPM Index

? The calculation of the CPM index is possible if and only if a target

value T, i.e. an ideal value of the production process, is specified.

The T value does not necessarily need to be equal to the midpoint

between the USL and LSL.

? If both USL and LSL are specified, the CPM index is calculated with:

CPM =
min(T − LSL,USL− T )

3×
√∑k

j=1

∑nj
i=1 (xij−T )2∑k

j=1 nj−1

? If only CPL or CPU is specified, the numerator of the

above-mentioned formula becomes T − LSL and USL− T
respectively.
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Process Capability Analysis for Normal Distributions Parameters Estimation

? The values of the µ and σ parameters are usually unknown and need

to be estimated with sample data.

? In the event of normal distributed data, the variance process can be

estimated with:

? The overall variance (overall capability). CP, CPK, CPU and CPL

capability indices computed using overall capability are also known as

PP, PPL, PPU and PPL performance indices.

? The within variance (potential capability). The within variance is an

estimation of variability common causes.
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Process Capability Analysis for Normal Distributions Parameters Estimation

? Within standard deviation can be estimated using the pooled

standard deviation:

sW =
s

c4
=

√∑k
j=1

∑nj
i=1 (xij−xk)2∑k

j=1 (nk−1)

c4

? The above formula numerator (s) is not an unbiased estimator of σ.

Can be shown that if the underlying distribution is normal, then s

estimates c4s where c4 is a constant that depends on a sample size

(n) and group numbers (k). s
c4

is so an unbiased estimator of σ.

? CP and CPK capability indices are estimated from sample data.

Confidence intervals can be found.
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Process Capability Analysis for Normal Distributions Parameters Estimation

? Which standard deviation to use - overall or within?

? Although both indices show similar information, they have slightly

different uses.

? CPKσoverall
attempts to answer the question “does my current

production sample meet specification?”

? On the other hand, CPKσwithin
attempts to answer the question “does

my process in the long run meet specification?” Process capability

can only be evaluated after the process is brought into statistical

control. The reason is simple: CPKσwithin
is a prediction, and only

stable processes can be predicted.

? The difference between σoverall and σbetween represents the variability

due to special causes.

? The difference between PPMσoverall
and PPMσwithin

represents the loss

of quality due to lack of statistical control.
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Process Capability Analysis for Normal Distributions Example

BrakeCap data frame contains shoes soles hardness measurements
(Rockwell scale). 50 batches of 5 elements each have been sampled. The
LSL is 39, the USL is 43 and the target is the midpoint, 41.

> brakeCap = read.table("BrakeCap.TXT", header = TRUE, sep = "|")

Data frame has 250 observation and 4 variables. Three variables measure
different settings of the same process; the fourth variable identifies the
batch.

> str(brakeCap)

’data.frame’: 250 obs. of 4 variables:

$ Hardness : num 39.1 38.5 40.3 39.2 39.4 ...

$ Centering: num 40.9 38.8 41.1 41.8 40.1 ...

$ Quenching: num 40.7 41.1 40.6 40.5 41.6 ...

$ Subgroup : int 1 1 1 1 1 2 2 2 2 2 ...
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Process Capability Analysis for Normal Distributions Example

Analysis requires three steps:

1 Verify that the process is under statistical control.

2 Identify the distribution.

3 Perform the capability analysis.
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Process Capability Analysis for Normal Distributions Example

Control charts are used to verify if the process is under statistical control.
Data is contained in Hardness variable

> library(qcc)

> Hardness.group = qcc.groups(brakeCap$Hardness, brakeCap$Subgroup)

> qcc(Hardness.group, type = "S")

> qcc(Hardness.group, type = "xbar")
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Process Capability Analysis for Normal Distributions Example

The Anderson-Darling test verifies the hypothesis of normal distribution of
data.

> library(qualityTools)

> adTest = qualityTools:::.myADTest

> with(brakeCap, {

+ qqnorm(Hardness, main = "Hardness")

+ qqline(Hardness)

+ adTest(Hardness, "normal")

+ })

Anderson Darling Test for normal distribution

data:

A = 0.4277, mean = 40.273, sd = 0.986, p-value = 0.3097

alternative hypothesis: true distribution is not equal to normal
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Process Capability Analysis for Normal Distributions Example

Once verified the process is under control and data are normally
distributed then overall capability analysis is performed.

> pcr.Hardness.overall = pcr(brakeCap$Hardness, "normal",

+ lsl = 39, usl = 43, target = 41)

c(39.0707, 38.4731, 40.2654, 39.2475, 39.4051, 40.6408, 38.7301, 39.34, 39.9179, 40.8927, 42.1206, 39.4044, 39.4993, 40.9659, 40.9603, 40.1203, 39.84, 40.9301, 39.725, 41.2389, 39.3263, 41.0222, 39.8413, 39.65, 39.9535, 40.4716, 38.0481, 40.1173, 39.4631, 39.7528, 41.6105, 40.8706, 41.0005, 42.448, 39.6206, 40.4748, 41.0739, 41.3878, 38.7641, 38.749, 39.4232, 40.6333, 39.2157, 39.9475, 40.4263, 41.5139, 39.5858, 41.4564, 40.1701, 38.7539, 38.602, 41.3863, 38.9199, 40.6355, 40.0713, 40.1793, 41.4126, 
40.0899, 41.0126, 40.7312, 39.9211, 38.8549, 39.5774, 39.5901, 40.6037, 42.5972, 39.7982, 39.4738, 40.7972, 39.7459, 40.4549, 40.715, 41.516, 40.0462, 42.3787, 40.5196, 41.6222, 41.3544, 40.4657, 40.5507, 41.2295, 40.1577, 40.9063, 39.9982, 40.2702, 40.9254, 39.7325, 40.5745, 40.0032, 39.741, 42.0597, 39.9953, 40.7249, 40.0026, 39.7359, 41.6063, 38.5532, 38.3398, 41.6141, 40.8432, 40.343, 40.0322, 40.3754, 40.8097, 39.5062, 40.3998, 40.2522, 40.5404, 40.364, 41.7166, 41.9247, 39.81, 39.1692, 41.0548, 

40.8537, 40.9657, 38.9857, 42.1831, 39.9344, 38.8588, 38.5789, 40.0355, 39.7496, 40.5293, 41.4348, 41.1507, 39.7763, 39.8629, 39.6074, 40.2828, 39.7481, 39.5962, 39.6049, 40.9603, 39.3622, 41.2295, 39.7055, 38.8105, 39.757, 38.7448, 40.2446, 39.6305, 40.6413, 40.4949, 40.2845, 40.6506, 40.5528, 40.5465, 39.2556, 39.4671, 40.3292, 40.3653, 40.3858, 40.016, 43.0081, 39.9385, 40.5353, 40.3022, 40.3595, 40.2983, 37.4492, 39.4477, 39.5269, 39.8696, 39.3548, 39.8314, 40.7881, 40.007, 40.1171, 39.2166, 
40.7003, 38.8943, 39.9027, 40.3035, 41.4894, 39.668, 42.3408, 39.0011, 40.3438, 40.7357, 40.7247, 38.5489, 41.5399, 40.7088, 40.4794, 41.6982, 39.6456, 42.6447, 42.3084, 40.4106, 41.2255, 38.4583, 40.8149, 39.153, 40.949, 40.5155, 40.0346, 41.2126, 41.077, 41.6319, 40.172, 41.8985, 39.733, 39.5158, 39.4523, 39.2505, 40.2577, 40.7155, 39.3363, 39.5202, 38.6207, 41.5398, 40.0991, 40.4257, 40.6036, 40.0517, 40.1613, 39.1294, 41.568, 39.3217, 42.6826, 39.009, 39.235, 42.2299, 40.2059, 41.1294, 40.4897, 

40.8636, 39.4383, 42.538, 41.2741, 39.5543, 40.2577, 40.6813, 40.6036, 40.5426, 40.341, 42.5499, 41.4683, 40.2525, 37.7446, 40.7109, 40.9395, 38.9061, 38.2884, 39.7785, 39.7003, 40.4817, 40.1983, 41.8519)
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Process Capability Analysis for Normal Distributions Example

Potential (within) capability analysis can be performed to improve the
process.

> pcr.Hardness.within = pcr(brakeCap$Hardness, "normal",

+ lsl = 39, usl = 43, target = 41, grouping = brakeCap$Subgroup)

c(39.0707, 38.4731, 40.2654, 39.2475, 39.4051, 40.6408, 38.7301, 39.34, 39.9179, 40.8927, 42.1206, 39.4044, 39.4993, 40.9659, 40.9603, 40.1203, 39.84, 40.9301, 39.725, 41.2389, 39.3263, 41.0222, 39.8413, 39.65, 39.9535, 40.4716, 38.0481, 40.1173, 39.4631, 39.7528, 41.6105, 40.8706, 41.0005, 42.448, 39.6206, 40.4748, 41.0739, 41.3878, 38.7641, 38.749, 39.4232, 40.6333, 39.2157, 39.9475, 40.4263, 41.5139, 39.5858, 41.4564, 40.1701, 38.7539, 38.602, 41.3863, 38.9199, 40.6355, 40.0713, 40.1793, 41.4126, 
40.0899, 41.0126, 40.7312, 39.9211, 38.8549, 39.5774, 39.5901, 40.6037, 42.5972, 39.7982, 39.4738, 40.7972, 39.7459, 40.4549, 40.715, 41.516, 40.0462, 42.3787, 40.5196, 41.6222, 41.3544, 40.4657, 40.5507, 41.2295, 40.1577, 40.9063, 39.9982, 40.2702, 40.9254, 39.7325, 40.5745, 40.0032, 39.741, 42.0597, 39.9953, 40.7249, 40.0026, 39.7359, 41.6063, 38.5532, 38.3398, 41.6141, 40.8432, 40.343, 40.0322, 40.3754, 40.8097, 39.5062, 40.3998, 40.2522, 40.5404, 40.364, 41.7166, 41.9247, 39.81, 39.1692, 41.0548, 

40.8537, 40.9657, 38.9857, 42.1831, 39.9344, 38.8588, 38.5789, 40.0355, 39.7496, 40.5293, 41.4348, 41.1507, 39.7763, 39.8629, 39.6074, 40.2828, 39.7481, 39.5962, 39.6049, 40.9603, 39.3622, 41.2295, 39.7055, 38.8105, 39.757, 38.7448, 40.2446, 39.6305, 40.6413, 40.4949, 40.2845, 40.6506, 40.5528, 40.5465, 39.2556, 39.4671, 40.3292, 40.3653, 40.3858, 40.016, 43.0081, 39.9385, 40.5353, 40.3022, 40.3595, 40.2983, 37.4492, 39.4477, 39.5269, 39.8696, 39.3548, 39.8314, 40.7881, 40.007, 40.1171, 39.2166, 
40.7003, 38.8943, 39.9027, 40.3035, 41.4894, 39.668, 42.3408, 39.0011, 40.3438, 40.7357, 40.7247, 38.5489, 41.5399, 40.7088, 40.4794, 41.6982, 39.6456, 42.6447, 42.3084, 40.4106, 41.2255, 38.4583, 40.8149, 39.153, 40.949, 40.5155, 40.0346, 41.2126, 41.077, 41.6319, 40.172, 41.8985, 39.733, 39.5158, 39.4523, 39.2505, 40.2577, 40.7155, 39.3363, 39.5202, 38.6207, 41.5398, 40.0991, 40.4257, 40.6036, 40.0517, 40.1613, 39.1294, 41.568, 39.3217, 42.6826, 39.009, 39.235, 42.2299, 40.2059, 41.1294, 40.4897, 

40.8636, 39.4383, 42.538, 41.2741, 39.5543, 40.2577, 40.6813, 40.6036, 40.5426, 40.341, 42.5499, 41.4683, 40.2525, 37.7446, 40.7109, 40.9395, 38.9061, 38.2884, 39.7785, 39.7003, 40.4817, 40.1983, 41.8519)
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sd = 0.97

●
●

●
●●●●

●●●●●
●●●●●●●●●

●●●●●●
●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●
●●●●●●●●●●

●●●●●●●●●
●●
●●●
●●●

●●●●
●●●●●

●

Quantiles from distribution distribution

●
●

●
●●●●

●●●●●
●●●●●●●●●

●●●●●●
●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●●●●●●●●●●

●●●●●●●●
●●●●●●●●●●

●●●●●●●●●
●●
●●●
●●●

●●●●
●●●●●

●

38 39 40 41 42 43

38
40

42

c(
0.

5,
 5

)

Expected Fraction Nonconforming
pt
pL
pU

= 0.09717
= 0.0947073
= 0.00246275

ppm
ppm
ppm

= 97170
= 94707.3
= 2462.75

c(
0.

5,
 5

) Observed

ppm = 2.4e+07
ppm = 1e+06

ppm = 2.5e+07
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Process Capability Analysis for Normal Distributions Example

PPM

> (pcr.Hardness.overall$ppt - pcr.Hardness.within$ppt) * 10^6

4012

This value represents the loss of quality due to special causes.
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Process Capability Analysis for Normal Distributions Example

As a result of the previous analysis, engineers adjust the process to get a

process mean closest to 41, the target value. Data is contained in

Centering variable. Process control charts are shown below.
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Process Capability Analysis for Normal Distributions Example

The Anderson-Darling test verifies the hypothesis of normal distribution of
data.

Anderson Darling Test for normal distribution

data:

A = 0.2139, mean = 41.028, sd = 0.979, p-value = 0.8496

alternative hypothesis: true distribution is not equal to normal
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Process Capability Analysis for Normal Distributions Example

Once verified the process is under control and data are normally

distributed then overall capability analysis is performed.

c(40.8638, 38.8305, 41.1323, 41.8125, 40.1297, 41.2588, 41.7927, 40.1469, 40.7005, 38.6176, 40.812, 40.9231, 40.8766, 40.639, 41.7945, 42.2528, 39.3558, 41.8503, 41.1841, 41.4353, 41.7926, 42.5435, 41.671, 40.5707, 41.3201, 40.4972, 41.6036, 39.831, 40.9882, 40.7873, 41.1709, 40.7174, 42.0187, 42.3175, 40.9462, 41.6905, 38.9847, 40.8942, 41.5843, 40.9333, 39.9001, 41.1264, 39.7425, 41.5077, 39.8598, 41.2565, 39.1599, 40.619, 40.6872, 42.1417, 41.9709, 41.0026, 42.6112, 41.1334, 38.6728, 41.2673, 
43.1174, 40.9001, 39.0648, 40.5334, 41.3403, 42.0738, 41.0794, 41.0163, 41.2891, 39.8653, 39.0094, 39.5561, 40.4467, 40.2912, 42.6623, 40.9237, 41.3765, 41.3282, 40.1292, 40.4625, 40.9477, 39.003, 41.0794, 40.8746, 40.0758, 42.0093, 39.8849, 42.582, 41.5395, 41.6404, 40.1347, 40.6972, 42.6696, 41.4491, 40.8235, 41.3652, 42.9929, 42.8355, 41.4098, 39.2343, 42.3185, 41.2343, 42.8464, 41.668, 41.0293, 41.4461, 41.1313, 41.5541, 42.7548, 41.3626, 40.388, 41.2791, 41.7796, 39.7734, 41.0741, 41.3938, 41.4943, 

39.7923, 39.4282, 40.0979, 41.6928, 43.5683, 41.5567, 40.587, 42.7309, 40.7529, 40.4981, 41.1394, 39.7515, 41.7221, 41.562, 39.8275, 41.9838, 41.3109, 40.0738, 42.1687, 40.7323, 41.9077, 42.1568, 41.9524, 41.2713, 40.3996, 40.7391, 41.1038, 42.534, 41.0689, 40.502, 41.0568, 41.1979, 40.2332, 40.6371, 39.9695, 40.3248, 41.6367, 40.3878, 39.8635, 41.2136, 39.8508, 39.7472, 42.912, 42.1989, 41.4753, 42.1566, 42.5268, 42.3243, 39.6811, 40.5854, 41.2047, 40.9891, 40.4217, 42.6879, 39.646, 41.0418, 40.213, 
41.2389, 39.7608, 41.5114, 41.327, 41.9635, 41.6951, 40.775, 40.5861, 41.6635, 40.4579, 40.5438, 41.3595, 41.3533, 40.6027, 40.3453, 40.9672, 40.7106, 43.4192, 42.4326, 40.6904, 40.7199, 41.782, 39.9909, 39.3114, 41.6659, 41.1123, 41.0234, 40.5601, 42.5054, 41.8584, 39.0891, 42.8463, 41.9017, 41.0343, 40.8115, 40.6723, 40.309, 40.3174, 40.4327, 41.694, 41.7079, 41.1878, 39.8185, 42.9142, 41.7036, 42.1683, 41.6957, 42.8683, 39.6289, 40.4536, 40.9252, 40.1456, 40.0395, 43.3463, 38.6939, 39.6919, 40.4022, 

39.6122, 40.8944, 41.4827, 40.375, 41.2004, 40.5404, 40.0393, 40.6483, 41.0261, 41.7167, 40.1502, 42.1329, 42.7425, 41.9275, 40.4486, 40.8195, 40.6644, 40.2636, 40.3773, 40.7464, 41.5881, 40.443, 39.7932)
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= 19114.9
= 21958.8
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) Observed

ppm = 5e+06
ppm = 4e+06

ppm = 9e+06
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Process Capability Analysis for Normal Distributions Example

Potential (within) capability analysis can be performed to improve the

process.

c(40.8638, 38.8305, 41.1323, 41.8125, 40.1297, 41.2588, 41.7927, 40.1469, 40.7005, 38.6176, 40.812, 40.9231, 40.8766, 40.639, 41.7945, 42.2528, 39.3558, 41.8503, 41.1841, 41.4353, 41.7926, 42.5435, 41.671, 40.5707, 41.3201, 40.4972, 41.6036, 39.831, 40.9882, 40.7873, 41.1709, 40.7174, 42.0187, 42.3175, 40.9462, 41.6905, 38.9847, 40.8942, 41.5843, 40.9333, 39.9001, 41.1264, 39.7425, 41.5077, 39.8598, 41.2565, 39.1599, 40.619, 40.6872, 42.1417, 41.9709, 41.0026, 42.6112, 41.1334, 38.6728, 41.2673, 
43.1174, 40.9001, 39.0648, 40.5334, 41.3403, 42.0738, 41.0794, 41.0163, 41.2891, 39.8653, 39.0094, 39.5561, 40.4467, 40.2912, 42.6623, 40.9237, 41.3765, 41.3282, 40.1292, 40.4625, 40.9477, 39.003, 41.0794, 40.8746, 40.0758, 42.0093, 39.8849, 42.582, 41.5395, 41.6404, 40.1347, 40.6972, 42.6696, 41.4491, 40.8235, 41.3652, 42.9929, 42.8355, 41.4098, 39.2343, 42.3185, 41.2343, 42.8464, 41.668, 41.0293, 41.4461, 41.1313, 41.5541, 42.7548, 41.3626, 40.388, 41.2791, 41.7796, 39.7734, 41.0741, 41.3938, 41.4943, 

39.7923, 39.4282, 40.0979, 41.6928, 43.5683, 41.5567, 40.587, 42.7309, 40.7529, 40.4981, 41.1394, 39.7515, 41.7221, 41.562, 39.8275, 41.9838, 41.3109, 40.0738, 42.1687, 40.7323, 41.9077, 42.1568, 41.9524, 41.2713, 40.3996, 40.7391, 41.1038, 42.534, 41.0689, 40.502, 41.0568, 41.1979, 40.2332, 40.6371, 39.9695, 40.3248, 41.6367, 40.3878, 39.8635, 41.2136, 39.8508, 39.7472, 42.912, 42.1989, 41.4753, 42.1566, 42.5268, 42.3243, 39.6811, 40.5854, 41.2047, 40.9891, 40.4217, 42.6879, 39.646, 41.0418, 40.213, 
41.2389, 39.7608, 41.5114, 41.327, 41.9635, 41.6951, 40.775, 40.5861, 41.6635, 40.4579, 40.5438, 41.3595, 41.3533, 40.6027, 40.3453, 40.9672, 40.7106, 43.4192, 42.4326, 40.6904, 40.7199, 41.782, 39.9909, 39.3114, 41.6659, 41.1123, 41.0234, 40.5601, 42.5054, 41.8584, 39.0891, 42.8463, 41.9017, 41.0343, 40.8115, 40.6723, 40.309, 40.3174, 40.4327, 41.694, 41.7079, 41.1878, 39.8185, 42.9142, 41.7036, 42.1683, 41.6957, 42.8683, 39.6289, 40.4536, 40.9252, 40.1456, 40.0395, 43.3463, 38.6939, 39.6919, 40.4022, 

39.6122, 40.8944, 41.4827, 40.375, 41.2004, 40.5404, 40.0393, 40.6483, 41.0261, 41.7167, 40.1502, 42.1329, 42.7425, 41.9275, 40.4486, 40.8195, 40.6644, 40.2636, 40.3773, 40.7464, 41.5881, 40.443, 39.7932)
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A = 0.214
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mean = 41
sd = 0.975
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Expected Fraction Nonconforming
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pL
pU

= 0.0403293
= 0.0187594
= 0.0215698

ppm
ppm
ppm

= 40329.3
= 18759.4
= 21569.8

c(
0.

5,
 5

) Observed

ppm = 5e+06
ppm = 4e+06

ppm = 9e+06
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Process Capability Analysis for Normal Distributions Example

Although the process is centered on the target, CP and CPK values are

not satisfactory. An experiment shows that a large proportion of variability

is due to oil temperature variability. Engineers adjust the process to obtain

smallest variability of the oil temperature. Data is contained in Quenching

variable. Process control charts are shown below.
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Process Capability Analysis for Normal Distributions Example

The Anderson-Darling test verifies the hypothesis of normal distribution of
data.

Anderson Darling Test for normal distribution

data: brakeCap$Quenching

A = 0.2868, mean = 40.926, sd = 0.517, p-value = 0.6199

alternative hypothesis: true distribution is not equal to normal
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Process Capability Analysis for Normal Distributions Example

Once verified the process is under control and data are normally

distributed then overall capability analysis is performed.

c(40.657, 41.0901, 40.5672, 40.5214, 41.6256, 40.4941, 41.1507, 39.9982, 41.8604, 40.552, 40.7573, 41.7994, 40.978, 41.6116, 42.1601, 41.5551, 41.4665, 41.5956, 40.0005, 41.1159, 40.8262, 40.8739, 41.2775, 40.6824, 41.2108, 40.8915, 40.9147, 41.7591, 40.6964, 40.9394, 40.675, 40.32, 40.4298, 41.079, 40.0005, 39.6233, 40.929, 40.6922, 41.5141, 41.0769, 41.185, 40.9288, 40.6961, 41.3441, 41.3145, 41.238, 40.318, 41.8941, 41.2878, 41.776, 40.6415, 40.4338, 41.0234, 40.3607, 40.6657, 40.5582, 40.9799, 
39.7678, 40.3085, 40.221, 41.3639, 40.3553, 41.6385, 40.5575, 41.0262, 40.3369, 41.6506, 40.7402, 41.6844, 41.4327, 41.4525, 40.5991, 41.1883, 39.5038, 41.4476, 41.2026, 40.698, 40.2704, 40.7653, 40.7266, 40.5636, 40.8159, 41.233, 41.4549, 41.2708, 40.2237, 41.0504, 40.9119, 40.707, 40.8938, 41.5137, 40.8204, 41.9021, 40.3911, 41.1401, 40.6059, 40.378, 40.6064, 40.8257, 41.117, 41.1291, 40.992, 40.8322, 41.0714, 39.9603, 41.025, 41.127, 40.9213, 40.4554, 40.6347, 40.7965, 40.1282, 40.9986, 41.0032, 
40.9985, 40.5765, 40.1058, 40.9751, 40.6794, 41.3096, 40.9557, 41.6015, 41.485, 40.5205, 39.9883, 40.2447, 41.6341, 40.5209, 40.3038, 41.0781, 40.9705, 40.8239, 41.0371, 41.9974, 41.2386, 40.6967, 41.5403, 41.3387, 41.5232, 40.9848, 40.6334, 41.0509, 41.3309, 40.3182, 40.8817, 40.9567, 42.2597, 40.354, 40.5789, 40.1328, 41.1557, 39.5611, 40.6583, 41.7616, 41.1732, 41.6472, 40.7456, 41.1619, 41.0327, 41.2926, 41.1108, 40.8487, 41.0082, 41.0728, 41.5504, 41.1877, 40.8771, 41.7501, 41.5191, 40.7819, 
41.0158, 40.3567, 40.7686, 40.6442, 41.1495, 40.9624, 40.4197, 42.1298, 41.5349, 40.4068, 41.9402, 41.5173, 41.2766, 39.8558, 41.4118, 40.3257, 41.7366, 40.7302, 40.1245, 41.3534, 41.2757, 41.1537, 40.1385, 41.1137, 41.0195, 41.5713, 41.1659, 40.4978, 41.1121, 41.2939, 40.9734, 40.2565, 40.4521, 40.9465, 41.0336, 41.7803, 39.7798, 40.8814, 39.5357, 40.4072, 40.0983, 41.1062, 41.5278, 41.2543, 40.8745, 40.6933, 40.7714, 41.296, 41.089, 40.4528, 40.7884, 40.7168, 40.682, 40.5809, 41.0577, 41.1126, 

41.1944, 41.0883, 40.8144, 40.9106, 41.1069, 41.0159, 41.5879, 40.9341, 40.7262, 40.0738, 40.642, 40.1814, 41.5034, 40.1296, 40.6955, 40.785, 40.956, 40.5694, 41.1237, 41.4764, 41.7363, 41.8667, 41.0896, 40.5203)
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cpkU = 1.34

A = 0.287
p = 0.62

n = 250

mean = 40.9
sd = 0.517
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Process Capability Analysis for Normal Distributions Example

Potential (within) capability analysis can be performed to improve the

process. CP and CPK indices show that the process is now (barely)

capable.

c(40.657, 41.0901, 40.5672, 40.5214, 41.6256, 40.4941, 41.1507, 39.9982, 41.8604, 40.552, 40.7573, 41.7994, 40.978, 41.6116, 42.1601, 41.5551, 41.4665, 41.5956, 40.0005, 41.1159, 40.8262, 40.8739, 41.2775, 40.6824, 41.2108, 40.8915, 40.9147, 41.7591, 40.6964, 40.9394, 40.675, 40.32, 40.4298, 41.079, 40.0005, 39.6233, 40.929, 40.6922, 41.5141, 41.0769, 41.185, 40.9288, 40.6961, 41.3441, 41.3145, 41.238, 40.318, 41.8941, 41.2878, 41.776, 40.6415, 40.4338, 41.0234, 40.3607, 40.6657, 40.5582, 40.9799, 
39.7678, 40.3085, 40.221, 41.3639, 40.3553, 41.6385, 40.5575, 41.0262, 40.3369, 41.6506, 40.7402, 41.6844, 41.4327, 41.4525, 40.5991, 41.1883, 39.5038, 41.4476, 41.2026, 40.698, 40.2704, 40.7653, 40.7266, 40.5636, 40.8159, 41.233, 41.4549, 41.2708, 40.2237, 41.0504, 40.9119, 40.707, 40.8938, 41.5137, 40.8204, 41.9021, 40.3911, 41.1401, 40.6059, 40.378, 40.6064, 40.8257, 41.117, 41.1291, 40.992, 40.8322, 41.0714, 39.9603, 41.025, 41.127, 40.9213, 40.4554, 40.6347, 40.7965, 40.1282, 40.9986, 41.0032, 
40.9985, 40.5765, 40.1058, 40.9751, 40.6794, 41.3096, 40.9557, 41.6015, 41.485, 40.5205, 39.9883, 40.2447, 41.6341, 40.5209, 40.3038, 41.0781, 40.9705, 40.8239, 41.0371, 41.9974, 41.2386, 40.6967, 41.5403, 41.3387, 41.5232, 40.9848, 40.6334, 41.0509, 41.3309, 40.3182, 40.8817, 40.9567, 42.2597, 40.354, 40.5789, 40.1328, 41.1557, 39.5611, 40.6583, 41.7616, 41.1732, 41.6472, 40.7456, 41.1619, 41.0327, 41.2926, 41.1108, 40.8487, 41.0082, 41.0728, 41.5504, 41.1877, 40.8771, 41.7501, 41.5191, 40.7819, 
41.0158, 40.3567, 40.7686, 40.6442, 41.1495, 40.9624, 40.4197, 42.1298, 41.5349, 40.4068, 41.9402, 41.5173, 41.2766, 39.8558, 41.4118, 40.3257, 41.7366, 40.7302, 40.1245, 41.3534, 41.2757, 41.1537, 40.1385, 41.1137, 41.0195, 41.5713, 41.1659, 40.4978, 41.1121, 41.2939, 40.9734, 40.2565, 40.4521, 40.9465, 41.0336, 41.7803, 39.7798, 40.8814, 39.5357, 40.4072, 40.0983, 41.1062, 41.5278, 41.2543, 40.8745, 40.6933, 40.7714, 41.296, 41.089, 40.4528, 40.7884, 40.7168, 40.682, 40.5809, 41.0577, 41.1126, 

41.1944, 41.0883, 40.8144, 40.9106, 41.1069, 41.0159, 41.5879, 40.9341, 40.7262, 40.0738, 40.642, 40.1814, 41.5034, 40.1296, 40.6955, 40.785, 40.956, 40.5694, 41.1237, 41.4764, 41.7363, 41.8667, 41.0896, 40.5203)
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Process Capability using normal distribution for brakeCap$Quenching

cp = 1.31

cpk = 1.26

cpkL = 1.26

cpkU = 1.36

A = 0.287
p = 0.62

n = 250

mean = 40.9
sd = 0.509
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Process Capability Analysis for Non-Normal Distributions

Capability analysis formulas are based on the percentiles of the distribution

of reference. Therefore, verifying if the empirical distribution can be

considered Gaussian is fundamental. For example, applying the formulas of

the measurement distribution of origin to very asymmetrical segments can

result in an incorrect estimation of the CP index.

When data is not normally distributed, possible approaches fall into two

categories:

A Identification of a distribution able to describe data;

B Transformation of data to obtain a normal distribution, e.g.

Box-Cox transformation.
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Process Capability Analysis for Non-Normal Distributions Distribution Identification

? Formulas of capability indices for non-normal distributed data are

based on percentiles. The first thing to do is identifying another

probability distribution which can be adapted to original data.

? Goodness-of-fit tests, such as those of Anderson-Darling and

Kolmogorov-Smirnov, can help identify the best distribution for the

analysed sample.
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Process Capability Analysis for Non-Normal Distributions Distribution Identification

? If control charts indicate a stable process, even if not modelled by a

normal distribution, a useful model which is suitable for data needs to

be defined. A tool to identify the distribution can be used

assuming no previous knowledge of a reasonable model for the

examined process.

? This tool tests the adaptation of data to different distributions and

successively selects a distribution according to the probability plot,

the results of the goodness-of-fit test and the physical and historical

knowledge about the process.

Process Capability Analysis 52 / 68



Process Capability Analysis for Non-Normal Distributions Distribution Identification

In this case, the calculation of CP and CPK indices is based on the

percentiles of the chosen distribution. The percentiles contain the same

“amount of data” as the µ± 3σ interval of the normal distribution:

CP =
USL− LSL

x0.99865 − x0.00135

where x0.99865 is the 99.865th percentile.

CPK = min(CPL, CPU)

CPL =
x0.5 − LSL
x0.5 − x0.00135

CPU =
USL− x0.5
x0.99865 − x0.5
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Process Capability Analysis for Non-Normal Distributions Data Transformation

? For a capability analysis to be carried out, the process is assumed to be,

approximately if not thoroughly, describable by a theoretical distribution. A

suitable distribution ought to be used to create a significant inference, for

example on the ratio of pieces situated beyond specification limits.

? Capability estimations of CP, CPK and so on tend to assume normality.

When normality is mistakenly assumed, the estimated ratio of points falling

beyond specification limits can be over- or underestimated.

? An attempt to transform original data to render it more similar to normal

data is possible. The Box-Cox and Johnson transformations can often

result in an “acceptably Gaussian” distribution. Once the best

transformation has been chosen, it has to be applied to control limits as

well. Consequently, capability formulas for normal distributions can be used

on the sample and on transformed control limits.
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Process Capability Analysis for Non-Normal Distributions Box-Cox Transformation

The Box-Cox transformation changes original data so that the normal

distribution for capability analysis can be used.

The Box-Cox transformation uses a power transformation for original data:

y(λ) =

{yλ − 1

λ
if λ 6= 0

ln y if λ = 0

When the λ parameter changes, different distributions of changed data are

obtained.
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Process Capability Analysis for Non-Normal Distributions Box-Cox Transformation

Some of notable values of λ:

λ power transformation description

-1.0 1− 1/y inverse function

0.0 ln y logarithmic function

0.5 2
√
y − 1 square root

We look for the λ value which transforms the data into a distribution as

similar as possible to a Gaussian distribution. The sought for λ value is the

value which stabilizes the variance (which coincides with the value of that

parameter for which the variance is lowest).
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Process Capability Analysis for Non-Normal Distributions Box-Cox Transformation

? Once the transformation has been performed, the adaptation of the

normal distribution to changed data is estimated by assessing the

probability plots and the results of the Anderson-Darling test.

? The use of the highest p-value alone is not always the most intelligent

approach to choose the best model, especially when the suitability of

a particular distribution is historically and theoretically known.
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Process Capability Analysis for Non-Normal Distributions Summary

Final remarks on capability analysis for non-normal distributed data:

? To decide which transformation results are better it is useful to take

into consideration the validity of the selected model using:

? the knowledge about the process;

? the probability plot.

? For a reliable process capability estimation to be obtained, the process

needs to be stable and data ought to follow the above-mentioned

distribution curve.

? The use of goodness-of-fit test and probability plots can affect the

identification of the model but the knowledge about the process

plays a useful role too.
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Process Capability Analysis for Non-Normal Distributions Example

Ceramic data frame contains data about ceramic isolators. Isolators are
cylinders with an hole in the center. 20 batches of 10 elements each have
been sampled. Specifics require that hole diameter is less than 30
micrometre (micron).

> ceramic = read.table("Ceramic.TXT", header = TRUE, sep = "|",

+ stringsAsFactors = F)

Data frame has 200 observation and 2 variables. The Concentricity

variable contains the distance of the hole from the required one, the
Date.Time variable contains the batch id.

> str(ceramic)

’data.frame’: 200 obs. of 2 variables:

$ Concentricity: num 14.62 9.23 7.89 3.18 10.38 ...

$ Date.Time : chr "1/5 10am" "1/5 10am" "1/5 10am" "1/5 10am" ...
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Process Capability Analysis for Non-Normal Distributions Example

Control charts are used to verify if the process is under statistical control.

> library(qcc)

> concentr.group = qcc.groups(ceramic$Concentricity, ceramic$Date.Time)

> qcc(concentr.group, type = "S")

> qcc(concentr.group, type = "xbar")

S Chart
for concentricity.group
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Process Capability Analysis for Non-Normal Distributions Example

The Anderson-Darling test verifies the hypothesis of normal distribution of
data.

> library(qualityTools)

> adTest = qualityTools:::.myADTest

> with(ceramic, {

+ qqnorm(Concentricity, main = "Concentricity")

+ qqline(Concentricity)

+ adTest(Concentricity, "normal")

+ })

Anderson Darling Test for normal distribution

data:

A = 6.7131, mean = 11.442, sd = 7.240, p-value < 2.2e-16

alternative hypothesis: true distribution is not equal to normal
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Process Capability Analysis for Non-Normal Distributions Example

Test rejects the hypothesis of normal distribution of the data. The Weibull
distribution of data can be tested.

> qqPlot(ceramic$Concentricity, "weibull")

> adTest(ceramic$Concentricity, "weibull")

Anderson Darling Test for weibull distribution

data:

A = 2.1104, shape = 1.707, scale = 12.913, p-value <= 0.01

alternative hypothesis: true distribution is not equal to weibull
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Process Capability Analysis for Non-Normal Distributions Example

Test rejects the hypothesis of Weibull distribution of the data. The
Log-Normal distribution of data can be tested.

> qqPlot(log(ceramic$Concentricity))

> adTest(log(ceramic$Concentricity))

Anderson Darling Test for normal distribution

data:

A = 0.3306, mean = 2.250, sd = 0.624, p-value = 0.5116

alternative hypothesis: true distribution is not equal to normal
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Process Capability Analysis for Non-Normal Distributions Example

Data can be assumed to follow a log-normal distribution. Overall
capability analysis can be performed via data transformation.

> pcr.Concentricity = pcr(log(ceramic$Concentricity), usl = log(30))

c(2.68239045432163, 2.22202558513563, 2.06508903545544, 1.15719561276701, 2.34036245732808, 1.44409145984611, 3.65120354713294, 2.26768304098478, 1.87610061766181, 3.12746204423189, 2.83462411315923, 1.83418018511201, 3.05442561989321, 3.19006474301408, 1.87410721057681, 1.93730177451871, 2.49535190764954, 1.45348561066021, 2.38259703096343, 1.80286424896016, 3.24773535354875, 2.20838429759522, 3.21390348324164, 1.80927189431269, 1.79109258024035, 2.00740833878, 2.39844057863757, 3.20708660429322, 
3.099867038286, 2.45659290547339, 2.02088509221981, 2.1612519168774, 2.00754266613597, 2.5503041768743, 2.78679976533375, 2.67276838695757, 2.11830161288655, 2.54065666489249, 2.07115732209214, 1.97810071401816, 3.1349723406455, 1.98910646549825, 3.07869379426834, 1.25219137659641, 3.07352630099401, 2.22527198989138, 2.31589610705372, 3.09995714461152, 1.83130064384859, 2.36602926555058, 1.03744585343062, 1.56485886903613, 1.70000961061849, 1.88373074776687, 2.29978116566131, 1.0159550549871, 2.74264484586671, 

2.46308698964807, 1.89566893261857, 1.06952670777301, 3.14104400471405, 1.4233492690709, 1.92556165851718, 3.01979053864706, 1.79541943005954, 1.03673688495002, 2.33243511496293, 2.16355288429849, 2.01969153727406, 1.87210982188171, 2.65647616555616, 1.66335775442353, 1.79009141212736, 3.03220884036401, 2.11529119457353, 2.3112474660727, 1.62806337655727, 2.6234359487123, 1.72419414973229, 2.31273342404586, 2.47502464993355, 2.68437207374763, 1.80746876293323, 2.41430534260445, 2.04018082772653, 
1.58000910174329, 2.03405183938103, 2.22440731193002, 2.40982384366364, 2.73560051518922, 2.85284294600375, 2.61344643839323, 2.22516394602546, 2.51349410663991, 2.35356333775868, 2.69482986293136, 2.37360258022933, 3.10130776610263, 2.67318266577313, 1.87992296005736, 1.64942756065026, 1.73554178922983, 2.32678978169086, 2.0547645539674, 2.20033085895529, 2.28340227357727, 1.4395981331422, 2.02669983042178, 1.23721413810574, 1.97018455574289, 1.32495073087884, 2.52212214871414, 2.90021207169658, 
2.43973493114128, 1.84798226032433, 2.65443843165356, 1.48319418585985, 2.68033636253469, 2.40523192995419, 2.56433378341932, 1.78204577704042, 0.931770302722541, 2.38342748083815, 2.42851264959184, 2.33708313340161, 2.02326793687389, 3.05692144186641, 1.59066275710777, 2.39297409272173, 1.8484548129046, 3.00775965376671, 1.5746394068914, 3.46732838412798, 1.68491637361001, 2.3106524640718, 1.43698747543541, 2.71297140542128, 2.49954892652487, 0.599934798837767, 3.11874604944914, 3.39511223800621, 

2.91787883434913, 2.38434939479669, 3.53660201866836, 2.1888563276657, 2.0218124288432, 2.0404408043301, 2.35327820730956, 3.00037149570242, 1.85254094148791, 2.03234993414599, 3.18428438009858, 1.93340369696313, 2.63088113833108, 2.64886620774876, 2.38812038110031, 1.49917651817656, 1.92264152211596, 1.80959938735639, 2.63626772800651, 2.79654935968462, 2.18109519540634, 2.84908669321251, 1.60843741210052, 2.05847323524364, 2.91022884994005, 1.74780758169887, 2.09445329930027, 2.24886781048806, 
1.90061387414014, 3.32237060111618, 3.62703064578687, 2.77202606397731, 1.74693642561973, 1.92117824997895, 1.22612560896707, 1.80599105147478, 2.16996756837921, 2.30198491292201, 2.25737850015597, 2.57649780135983, 2.48131688093744, 3.57088389587623, 2.08156428706081, 3.15128197429496, 2.78278654721623, 1.12590314890401, 3.01817846238382, 0.868779749203103, 1.27703737518294, 3.29078710033518, 3.0222768287761, 2.35641017968895, 2.72215032548099, 0.93883469630905, 1.23837423104327, 0.599934798837767, 

2.04601401556732, 3.1067368315969, 2.5865603035145)
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Process Capability Analysis for Non-Normal Distributions Example

Box-Cox transformation seems confirm the log data transformation.

> boxcox(ceramic$Concentricity ~ 1)

−2 −1 0 1 2

−
11

00
−

10
50

−
10

00
−

95
0

−
90

0

λ

lo
g−

Li
ke

lih
oo

d

 95%

Process Capability Analysis 65 / 68

Process Capability Analysis for Non-Normal Distributions Example

Capability analysis can be performed directly on log-normal data.

> usl = 30

> par(mfrow = c(1, 1))

> hist(ceramic$Concentricity, main = "Concentricity", col = "gray")

> abline(v = usl, col = "red", lwd = 2)

> concentricity.distpars = fitdistr(ceramic$Concentricity, "log-normal")$estimate

> meanlog = concentricity.distpars[1]

> sdlog = concentricity.distpars[2]

> cpk = usl/qlnorm(0.99865, meanlog, sdlog)

> ppm = (1 - plnorm(30, meanlog, sdlog) * 10^6
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Process Capability Analysis for Non-Normal Distributions Example

Results obtained directly on log-normal data can be compared with
transformed data.

> cpk # original data

[1] 0.4886823

> pcr.Concentricity$cpk # transformed data

[1] 0.6149203

> ppm # original data

[1] 32200.77

> pcr.Concentricity$ppt * 10^6 # transformed data

[1] 32536.18

Regardless the adopted methodology to estimate indices, the process is far

from been capable.
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